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INVARIANT RADON TRANSFORMS ON A SYMMETRIC SPACE

JEREMY ORLOFF

ABSTRACT. Injectivity and support theorems are proved for a class of Radon
transforms, R o for u# a smooth family of measures defined on a certain space
of affine planes in X, where X, is the tangent space, of a Riemannian sym-
metric space of rank one. The transforms are defined by integrating against u
over these planes. We show that if Rﬂ f is supported inside a ball of radius

R then sois f. This is true for f € L?(XO) or f€ g'(XO). Furthermore,
R is invertible on either of these domains. The main technique is to use facts
about spherical harmonics to reduce the problem to a one-dimensional integral
equation.

0. INTRODUCTION

Radon transforms have been extensively studied. See, for example,
Guillemin [2], Helgason [6], and Gelfand [1]. In this paper we will general-
ize and unify several results on Radon transforms. If a compact group K acts
on a real vector space X, then one has the following notion of a K-invariant
Radon transform. The ingredients are E,, the space of affine hyperplanes,
F ={(x,¢|x €} c X, xE,, and a smooth function x on F. The Radon

transform is defined for f € Lf(xo) by R#f(.f) = fxeé SXulx,&dx. (dx
is Lebesgue measure.) If R ., Intertwines the actions of X it is called X invari-
ant. This is easily seen to be equivalent to the condition u(k-x, k-&) = u(x, &)
forall ke K and xe€é&.

It is natural to ask if R, is invertible and to look for support theorems.
Quinto [11] covers the case when K = O(n) and X, = R" . He proves a support
theorem and invertibility for K-invariant Radon transforms. Also, Helgason [3]
proves support and injectivity theorems in the case u = 1. Helgason [5] proves
a support theorem for the classical Radon transform on Euclidean space.

If X, has a natural complex or quaternionic structure one can play the same
game with E, the space of complex or quaternionic hyperplanes. (F is either
the complex numbers C or the quaternions H.) Quinto [10] covers the case
when K = U(n) and X, = C" . Once again he proves injectivity and a support
theorem.

In this paper we will take X, to be the tangent space of a rank one Rie-
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mannian symmetric space and K to be the isotropy subgroup. Our main re-
sults, Theorem 3.2 and Corollary 6.5, provide a support theorem and prove
invertibility for K-invariant Radon transforms. We also obtain support and
invertibility results for R, acting on distributions (Theorem 7.1 and Corollary
7.4).

We have used the group theory to present a unified picture of the transforms
described above. Our technique of using the dual transform to reduce the proof
of the support theorem to solving an Abel integral equation originates with
Quinto [11]. Also, Helgason [3, pp. 105-112] uses an Abel integral equation
to prove support theorems in the case u = 1. One interesting feature of this
is that the complex and quaternionic results follow from the real case. This is
true because the spaces of real and complex affine hyperplanes are essentially
isomorphic. (See Lemma 6.2.) The group theoretic approach also allows us to
define Radon transforms on the symmetric space itself. There is also a natu-
ral generalization to higher rank spaces. Finally, one can investigate different
representations of K. We will return to these questions in another paper.

The outline of the paper is as follows. In §1 we collect notation from the
theory of symmetric spaces and we relate it to the familiar language of points
and planes. Finally, we define the Radon transform and its dual. In §2 we justify
the use of the term dual transform. In §3 we state our main theorem in the real
case. §4 is devoted to reviewing known facts about harmonic polynomials,
especially their decomposition under the action of K. In §5 we prove the main
theorem. Using the results in §§2 and 4 the proof reduces to a one-dimensional
integral equation of Volterra or Abel. In §6 we change fields. After relating the
real and F hyperplane spaces and the real and F dual Radon transforms we
extend the results of §3. Finally, in §7 we extend the results of §§3 and 6 to
distributions.

1. NOTATION

We collect here the notation we will use throughout this paper. In the “flat
case” we have the option of using either group theoretic notation or the more
familiar terminology of points and planes. We list both notations, along with
a brief dictionary relating the two. Also, note for the flat case the machinery
of semisimple Lie groups is not really used (although it will play a role in later
sections.)

We start with the standard notation for symmetric spaces. (See Helgason
[4].) Let G be a connected semisimple Lie group with finite center and Lie
algebra g. Fix K, a maximal compact subgroup of G and let f denote its Lie
algebra. We denote the Killing form on g by (, ). Let p be the orthogonal
complement to { with respect to ( , ) . Thus g = f+ p. Under the adjoint
action, K preserves p. We denote this action by a dot, that is, Ad(k)X = k-X
for k € K and X €p. In general, we will use a dot to describe a group action
whenever the intended action is clear from the context.

The Cartan motion group K x p is denoted by G,. Let X = G/K and



RADON TRANSFORMS 583

X, = G,/K. Then X and X, are symmetric spaces. X is a Riemannian
symmetric space of noncompact type and X, ~ p is its flat analogue. (We
consider X, to be the tangent space of X at the origin 0 = eK € G/K .)

Fix a, a maximal abelian subalgebra of p. Let M = Z(a) be the centralizer
of a in K, and let M’ = N,(a) be the normalizer of a in K. Let q be the
orthogonal complement of a inside p with respect to ( , ). Let P be the
orthogonal projection to a.

The dual spaces of X and X are, respectively, Z, the space of horocycles
in X, and E;, the space of “flat horocycles” consisting of all G, translates
of q. Thus, & is a set of affine planes in p. (If dima = 1 then E is the
space of all affine hyperplanes.) As a homogeneous space &, = G,/ (M' x q).
To describe = we need to choose an Iwasawa decomposition G = KAN (see
Helgason [4]). As a homogeneous space == G/MN .

In summary, we have

g=f+p, G,=Kxp, X=G/K, X, =Gy/K=~p,
p=a+q, M=2Z(a), E=G/MN, E,=G,/(M xq),

P, = orthog. proj. to a, M = Ng(a).

For € E) welet { ={XeplXe&}. For Xep welet X ={{€E|X €
&}. So, € =the points of ¢ and X = the set of flat horocycles through X . We
make similar definitions for the curved spaces X and Z.

Consider the set Fy = {(X, {) € X, x E|X €&}. Itis easy to see that F; is
isomorphic to G,/M " via the map

(1.1) gM' — (-0, g-q).

Similarly, in the curved case we get F = G/M . Thus we have the double
fibrations

G,/M' =F, G/M=F
P 7 N\ P, P 7 N Py
X =X E.

Of course, X =p2pl_'(X) and £=p,p2_'(é).
The set of flat horocycles through the origin is just

0={k-qkeK}~K/M.
In general,
X={X+k-qkeK}~K/M.

Thus, we have a canonical measure d ¢ on X coming from the K invariant
measure on K/M' (of total volume one). Likewise, the flat horocycle ¢ =
Z +k-q has

E={Z+k-Y|Yeq}~q.
Hence, it carries a canonical measure déX coming from Lebesgue measure on
q.
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Let u be a smooth function on F,. Take f € C.(X,) and ¢ € C(Z,). We
define the Radon transform and its dual by

RSO = | SR, deX

R o(X) = ek P(E)u(X, &) dyL.

Let £ = Z + k - q. Using the descriptions of &, X, and their measures given
above we get:

R f(&) = f(Z+k-YYVWWZ+k-Y,Z+k-q)dY,
Yeq

Rip(X) = [ o(X+k-qu(X. X +k-a)dk.

Here dk is the Haar measure on K of total volume one.

The Killing form provides a metric on p. For a plane in Z; its norm is
defined as its distance from the origin. Thus |k - (H + q)| = |H|. We will let
B® denote the ball of radius R inside either porZ;.

We now rewrite the Radon transforms using strictly group theoretic notation.
For Y € p we let T, be the corresponding translation in G,. Let &, =
e(M' x q) € E,. (&, is the horocycle q.) Fix a smooth function, u, on
Fy=Gy/M'. For f and ¢ as before and g € G, we have

Rf(8-&)= [ flg T, - Oulg-T,M)dY,
q
and

Rip(g-0) = [ ol k-&ute kM) dk.
K

This notation carries over easily to the curved case. Take u € C(G/M),
feC.(X),and ¢ € C(E). Then

R f(eMN) = [ f(gnK)u(gn)dn,
N

Rip(sK) = [ olekMNu(gkM) dk.
K

From now on we will restrict our attention to the flat case. The curved case
is more subtle. We hope to return to it in another paper.
Example. Let G =SO,(n, 1). Then K =8O0(n), X; =p ~ R", a is any line
through the origin, Z, is the space of all affine hyperplanes, and the action of
K on p is the usual one. For u =1, R ’ is the classical Radon transform. If
u is K invariant (see §3) we are in the case of Quinto [11].

2. DUALITY

We have referred to R p and R; as dual transforms. In this section we will
make this precise.
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First we need “coordinates” and measures on X, and Z,. For X, =p, we
have Lebesgue measure dX . Clearly dX is G, invariant. We also have polar
coordinates (see Helgason [4])

®: K/Mxa—p by dkM,H)=k-H.

The map @ is surjective and generically w to one (w = #(M'/M)).
For E;, we have polar coordinates

¥Y:K/Mxa—E, byV(kM,H)=k:(H+q).

The map Y is surjective and generically w to one. Using these polar coordi-
nates, we get a G-invariant measure on Z; given by

[ode=[ ok +ayakan.

Kxa
The following lemma is proved in Helgason [7] in the case u=1.

Lemma 2.1. The Radon transforms R, and R; are dual. That is, for f €
Li(XO) and ¢ € LZ(EO). (The subscript ¢ indicates compact support.) We have

(2.1) [ Ruf@ 0@ de= [ 100 Rip(x)dx.

Proof. The left-hand side of equation (2.1) equals
/Kxa q fk(H+7Y)) - o(k(H+q)uk(H+Y), k(H+q))dY dkdH.
The right-hand side of (2.1) equals
/X /Kf(X)-(o(X+k-q)u(X, X +k-q)dkdX

=// flk-X)-ok-X+k-quk-X,k-X+k-q)dXdk
K JX,

=/K//f(k(H+ Y)o(k(H +Y +q))
qJa .
xuk(H+Y),k(H+Y +q))dY dH dk.

The first equality follows from Fubini’s theorem and the K invariance of the
measure dX . Since Y +q=gq for Y € q, the last formula equals the formula
for the left-hand side given above. O

3. MAIN THEOREM

In this section we will state our main theorem. First we must define the
notion of K invariance.
K invariance: Let L, denote translation by k € K on X, oron E.
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Lemma 3.1. The following are equivalent for all k € K .
(1) wk-X, k- (X+q)=pnX,X+q).
(2) Considering u as a function on Gy/M', u(k-gM') = u(gM’).
(3) R,(foL,)=(R,f)oL, for f€C.p).
(4) Ri(poL,)=(R.p)oL, for g€ C(Zy).
Proof. (1) & (2): This is obvious from equation (1.1).
(1) & (3): We have
R,(fo L)X +k-q) =/f(k'-(X+k-Y))u(X+k-Y, X +k-qdY.
q
On the other hand,
(Rﬂf)oLk,(X+k-q)=/f(k'~(X+k-Y)),u(k'~(X+k~Y),k'-(X+k-q))dY.
q

Showing (1) < (4) is similar. O
If any of the conditions in Lemma 3.1 hold we say that u, R o OF R; is K
invariant.
Assumptions. From now on we will assume G/K has real rank one. This means
dima = 1. We also make the following assumptions:
(1) pis K invariant.
(2) u(H,H+q)#0forall H€a.
(3) u is smooth.
(4) Foral HeaandYeq u(H-Y,H+q)=u(H+Y,H+q).

(3.2)

Remarks. (1) Combined with K invariance assumption (2) says u(X, &) # 0
if X is the point on & nearest the origin.

(2) Assumption (3) is not strictly necessary. By examining the proof of the
main theorem we need only assume N times continuously differentiable for
some fixed N.

(3) Assuming K invariance, we can state assumption (4) in a number of
equivalent ways. For instance, u(H + m'Y , H +q) = u(H+ Y, H +q) for
all Hea, Yeq,and m' € M. Also, w(T,,;m'T,M') = w(T,,T, M) . (See
§1.) To show these two equivalences we need facts one and two stated between
Lemma 4.1 and Lemma 4.2.

(4) Combined with K invariance assumption (4) is automatic if m, =0 or
m, > 1. (See §4.)

We can now state our main theorem. It is a generalization of Helgason’s
support theorem for the Euclidean Radon transform (see [5]). Our proof is
modelled on Quinto [11].

Theorem 3.2 (Support Theorem) . Suppose u satisfies the assumptions in (3.2).
Then we have

(1) If fe Lz.(X ) and supp R chR then suppchR.
¢ 0 "
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(2) R,: LX(X)) — L*(Z,) is injective.

Remark. We assume a priori that f is compactly supported. However, this as-
sumption is probably unnecessary. For example, for the classical Radon trans-
form one need only assume a certain growth condition on f. (See Helgason

(31)
4. STRUCTURE THEORY

The proof of the support theorem requires some more facts and notation
about symmetric spaces. In this section we will outline what is needed. For
more detail see Helgason [4, 3].

The positive restricted roots of a are denoted o and (if it exists) 2a. Their
multiplicities are denoted m_ and m, and the corresponding root spaces are
denoted g and g, . Welet 6 be the Cartan involution corresponding to the
decomposition g=f+p. (Thatis, § is1 on f and —1 on p.) We define

q,={X-0X|X€g,}, q={X-0X|X€g,,};
thus,
1
g=4q,+q,=a .
As before, M = Z,(a) and M' = N, (a). Also, we know that W = M'/M has
cardinality two.

We now fix 0 # H, € a. We know that the orbit K - H; is isomorphic to

K/M . Let # denote the harmonic polynomials on p. Let K y be the set of

irreducible representations of K with a unique (up to scalar) M fixed vector.
Then we have according to Kostant [8] (see also Helgason [3])

# < L (K/M)
and

K~ @ 2,
s€ek,,

where the space #; is an irreducible subrepresentation of # equivalent to &
and consisting of homogeneous polynomials of degree d;. The injection of #
into LZ(K /M) is accomplished by restricting a polynomial in # to the orbit
K-H,. It commutes with the action of K and its image is dense in LZ(K /M) .

For each ¢ there is a unique M invariant polynomial ¢; € % such that
@(H,) = 1. We consider it as either a function of K/M or a harmonic poly-
nomial on p.

The following “Funk-Hecke theorem™ is trivial from the group theoretic view-
point.

Lemma 4.1. Choose any Y; € Z; (considered as a function on K/M by Y,(k) =
Ys(k - H,)); then

/M Y, (k,mk,) dm = Y, (k,)p5(k,).
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Proof. Fix k, € K. Let g(k,) = [,, Ys(k;mk,)dm . Since # is K stable
this function i 1s in Z and it 1s M mvarlant Thus it is a multiple of ¢;. To
determine which multiple let k,=e. O

Finally, we need suitable coordinates on the spherein p, K-H, = K/M . We
will use the SU(2, 1) reduction introduced in Helgason [5]. Our calculations
involving this reduction contain only minor modifications of calculations in [5].
Choose 0 # X €g, and 0 # X, €g,, . (If m, =0 then there is no X, .)
Define Z, = Xﬂ 60X, and Z, = X, — 60X, . Weassume |H)|=|Z/|=|Z,| =
1. We know (see Helgason [3]) that the subalgebra generated by H,, Z, , and
Z, is isomorphic to su(2, 1). (If m, =0 we get sl(2).) From Kostant [8]
we know the following:

(1) If m, > 1 then M acts transitively on the product of the unit spheres
in q, and q,.

(2) If m, =1 then M acts transitively on the unit sphere in q, .

(3) If m, #0 then m, isevenand m_ isodd.

(4) If m, =0 then M is transitive on the sphere in q=gq, .

Thus we get the following coordinates on K/M = K - H,. (Recall that
|H0| =1
(m,s,b)—-m(sH,+aZ, +bZ,)€e K-H,.

Here, if m, > 1 then

-1<s<1, 0<b<y\1-s%, meM, a=\1-s>-b*

if m, =1 then

1<s<1, —\J1-s2<b<\1-s*, meM, a=\1-s-b;

if m,, = 0 then

-1<s<1, meM, a= l—sz, b=0.
Now we need to compute the measure on K/M in these coordinates.

Lemma 4.2. For the various cases we get the following formulas for

c|  fkm)dk.
K/M

(=4, im /A Am2 . where A, is the area of the unit sphere in R".)

m, >1:

1 1-57
/ / /f(m(sH0+aZl+b22)) 2pm Y db dsdm,
=—1Jb=0 M
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m2(1 =1:
1 Vi-s? -
/sq-l / W /M f(m(sHy+aZ, +bZ,))a"™ " dbdsdm,
m2u =0:

/l /f(m(sH0+aZl))am"_2dsdm.
s=—1JM

As before a = V1 —s* - b? (\/1 — s if my =0).
Remark. In the case m, = 0 we have assumed m > 1 The case m, =0

and m_ =1 is easy to handle separately.

Proof. This is a straightforward calculation using the fact that M is transitive
on the product of the unit spheres of q, and q,. O

We will need the following lemma.
LemmadJ3. If k-H,= m(sH,+aZ +bZ,) then for some m € M k! ‘H, =
m (sHy,—aZ - bZ,).
Proof. We reduce the proof to a calculation in su(2, 1). Take k, € SU(2, 1)
(the copy of SU(2, 1) associated to (H,, Z,, Z,)) such that k, - H) = sH, +
aZ, + bzZ,. This implies k = mk m, for some m, € M. Thus, k=
mz_lkl"m'I and k' -Hy = mz_‘kl_l - H,. Now an easy calculation inside

SU(2.1) shows kl_I ‘Hy = my(sH,—aZ, —bZ,) for some m, € MNSU(2, 1).
This proves the lemma. O

5. PROOF OF THE SUPPORT THEOREM

In this section we will prove the support theorem. First, we note that part
(1) implies part (2) by letting R — 0.
To prove part (1) we consider functions of the following form on Z:
(5.1) gk(H +q)) = Y(j(k'Ho)g,s(H)
where
(a) Y;€# and g; is smooth on a,
(b) suppg;NB* =0,
(¢) &(—H) = (=1)“g,(H).
Condition (c) is needed to insure that g is well defined as a function on Z.
We will show that every function on p of the form
(5.2) h(k-H) = Ys(k - Hy)hs(H)
where
(a) Y; €%,
(b) supphy; N Bf =0,
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() hy(—H) = (=D)%hy(H),
(d) hy is smooth and compactly supported on a,

is R;g for some g of the type (5.1) above.

Assuming this, part (1) follows directly: Pick any £ of type (5.2) and take
g of type (5.1) such that R;g = h. Then, since supp R#f c B® we have from
Lemma 2.1

0=(R,f,g) =(f.R.g)={.h).
But the span of the functions A of type (5.2) (J 1is allowed to vary) is dense
in L*(X, — B¥). Thus f is perpendicular to L*(X, — B"). This implies
supp / C BX, proving part (1).

We now have to show that R|* 1 maps functions of type (5.1) onto those of
type (5.2). (Because of the condition of compact support in (5.2) the image is
larger than just functions of type (5.2).) We will do this by explicitly reducing
the integral equation R; g = h to a one-dimensional equation of Volterra type.

Pick 4 of type (5.2). We need to solve R;g = h for g of type (5.1). That
is, we must solve
(5.3) h(ky- H) = Yy(ko - Hyhs(H) = R, g(ky - H).

Computing, we get

R g(ky- H) = /K/Mg(kO~H+k-q),u(kO-H,kO-H+k-q)dk

= [ 8l H ko -authy H ko H o+ ko - a) dk

- / gkok (k™" H + qyutky - H , ko (k™" - H + q)) dk
KM

= /K/M g(kok(P“(k‘l “H)+q)u(H, k(Pa(k—l H) + ) dk

= /o Y,(kok - Hy)gs(P(k™" - H)utk™" - H, P (k™" - H) +q)dk

=/ /Yé(komk-HO)gé(Pa(k_'m_'~H))
K/MJIM
xu(k™'m™" - H, P(k”'m™" - H)+q)dmdk
= / / Y, (kymk - Hy)gs(P, (k™'
K/MJIM

x u(k™' -H, P (k™' -H)+q)dmdk

- H))

= Y,(ky - Hy)o,(k - Hy)gs(P (k™" - H))
K/M

xu(k™"-H, P(k”" - H) +q)dk.

The second and sixth equalities follow from the K invariance of dk. The
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fourth and fifth equalities follow from the K invariance of x. The seventh
follows because m - H = H . The last equality is Lemma 4.1.
Let H =rH,. The last integral above then equals

Y, (ky - Hy) /K 0ok HOg Pk H) (k™ Ho. 1P, Ho) + q) ik

Thus, equation (5.3) reduces to

1 1

h,;(rHo) = ¢(5(k : Ho)g(s(rpa(k_
K/M

-Hy)u(rk™" - Hy, rP(k™" - Hy) + q) dk.

Using Lemmas 4.3 and 4.2 this equation becomes the following:

m,, > 1:
5 (rH,) —c/ / / m(sHy +aZ, +bz,))gs(rsH,)
=—1Jb=0
xu(m,r(sHy—aZ, - bZ,), rsH0+q)am"_2bm2"—'dbdsdm,
m, =
hs(rH,) _c// ]/ s(m(sH,+aZ +bZ)))
s=—
x g5(rsHy) (mlr(sHO ~aZ, - bZ,), rsHy+q)a"™ *dbdsdm,
m,,

s(rH) _c/ /S__l m(sHy,+az,))

xgs(rsHy)u(m,r(sHy — aZ,), rsHy + q)a” 2 dsdm.

Because of the homogeneity requirements on 4; and g; we can assume that
r>0.
We now manipulate these equations as follows:

m2a > 1:

hs(rH,) _c/ -1/b L s((SHy+aZ, +bZ,))g;(rsHy)

><;4(r(sH0 —aZ, -bZ,), rsHy+ q)am"_zbmz"_1 dbds

_2c/ / (sHy+aZ, +bZ,))g,(rsH,)
s=0Jb=0

xu(r(sHy—aZ, —bZ,), rsH, + q)am""zbmz"_1 dbds.

The first equality follows from the M invariance of ¢ s and u and the fact
that M centralizes a. The second equality follows from the homogeneity of
9; and g;, the M invariance of ¢, , the transitivity of M on the product of
the unit spheres of q, and q,, and the M " invariance of u.
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Similarly, for m, =1,

hs(rH,) = 2c/ / [(p§( (sHy+aZ, +bZ,))) + 9s((sHy+aZ, — bZ,))]
s=0
x gs(rsH))u(r(sHy—aZ, - bZ,), rsH; + q)a'""—2 dbds.

Here we used all the invariance used above and the hypothesis u(H+Y , H+q) =
uH-Y,H+q).
Finally, for m, =0 (assuming m_ > 1) we get

1
hs(rH,) = 2c/ os;((sHy+aZ,))gs(rsH))u(r(sHy, —aZ,), rsH, + q)a'"..—2 ds.
s=0

Now make the change of coordinates y = rs, B = rb and let ol =rad’ =

P - y2 - ,b’2 . Using the homogeneity of ¢ and the assumption that g, is
supported outside the ball of radius R we get:

For m, >1:

s(rHy) -2c/ / ¢;(VHy +aZ, + BZ,)gs(yH,)
B=0
X p(yHy — aZ, = BZy, yHy+q)a™ " T W gy g g,

For m, =1:

r Vrr=y?
nr) =2¢ [ " (0, (vHy +aZ, + BZ,) + 0,(vHy + oZ, - BZ,)
x g;(yHyu(yHy - aZ, = BZy, yhy+a)a™r™ "W dydp.

For m,, = 0:

h(s(rHo) = 2C/ R (0(;(yH0 + C’Zl)gg(yHo)
y=

X #(,VHO - aZl s yHO + q)am,—zr—(m“_l_,‘dé) d

y.
Now let u’ = r* —y* (in particular, for m, =0 we get u’ = a’). Use the
equations to define the function ®(u, y) such that the following equation holds
(for any value of m, ).

r(m"+m3"—l+d'5)h6(rH0)=/ (I)( r _-y y)g(s(yH)

The following Lemma 5.1 and Theorem 5.2 show that if s (rH,;) is smooth
in r and compactly supported in R < r < oo then we can solve the above
equation for g;. This completes the proof of the support theorem.
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m, +m,, —

Lemma 5.1. We can write ®(u,y) = u 2E(142, y), where E is smooth

and E(0,r)#£0.
Proof. Case a, m,, # 0. By definition

<I>(u,y>=2c/0“F(y, = B, By, —\ut - B2, —B)

2 BZ)(m"—2)/2ﬂm2“—l dﬂ ,

x (u
where F(y,\/u’ — B*, B) equals

0s(vHy+ (\Ju’ - BZ, + BZ,) ifm, >1, and
9s(VH, + ( u2—52)21+ﬂzz)+‘/’6(yHo+( uz_'Bz)Zl_'BZl) if m,, =1.

Also u,(y, —\Ju® = B*, —B) = u(yHy — (\/u’ = B1)Z, - BZ,, yH, + ).
Using the M invariance of ¢; and the facts about the transitivity of M

stated between Lemmas 4.1 and 4.2 we see that F is-even in its second and

third variables. Using the M invariance of ux (and if m, = 1, hypothesis

(3.2)(4)) we see that u, is also even in its second and third variables. Thus,

making the obvious change in notation we get

(5.4)

u
D(u, y) = /O Fiy,u' - g, BHaty, u* - B°, 81’ - g3 7™ ap,
Since ¢; is a polynomial, F is smooth. By hypothesis ji is smooth. Thus
®(u, y) is also smooth. Also note, since m, # 0, that m_ is even.
Using equation (5.4) we differentiate ®(u, y), with respect to u, (m,  +
m,, — 2) times. We get
(5.5)

a (m,,+m2"—2) -
(a) @0, y)=cF(y,0,0)4(y,0,0) =cps(yHy)-u(yH,, yH)+q)

for some nonzero constant ¢. (To compute ¢: note that

(2 (m,.+’":n_2)/“(u2_ﬂz)(m,,—Z)/ZB'"zu_'dﬂ
~\du 0 '

The integral is easily computed to be c, UMMk =2) (m, is even). The constant

¢, 1s not zero since the integrand is positive. Thus ¢ = c¢,(m_ +m, —2)!#0.)
Because of the assumption (3.2)(2) equation (5.5) is never equal to zero. On
the other hand all lower-order derivatives with respect to u at u = 0 are easily
seen to be 0. This proves Case a.

Case b, m, =0, is immediate from the assumption (3.2). O

Theorem 5.2. Let K(r,y) be a smooth function such that K(r,r) # 0 for all
r > 0. Let k be a nonnegative integer and let w be a smooth function with
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supp¥ C [R, oo]. Then the equation w(r) = f;(r —y)k/zK(r, y)g(y)dy can
always be solved for a unique g(y), which is smooth and with supp g C [R, o0].
Proof. If k is even this is a Volterra equation of the first kind. If k& is odd
this is Abel’s equation. See Yosida [12]. O

6. CHANGE OF FIELDS

So far we have used real planes in p. In this section we will investigate
changing fields. That is, if p has a complex or quaternionic structure then we
can take the space of complex or quaternionic hyperplanes to be our horocycle
space.

Remark. In H" we will have scalars act on the right. That is, a-v = va, for
acH and veH".
We consider two series of symmetric spaces, G/K :
(1) G=SU(n, 1), K=S(U(n)xU(1)).
(2) G=Sp(n,1), K=Sp(n)xSp(l).
We write F=C in case (1) and F=H in case (2).

Remark. There are other possibilities. For example, we have a complex struc-
ture on H". Also, we have an octonionic structure on F,/SO(9).
We can make the following identifications:

0
X,=p=F', Hy=|-|€p, a=R-H,
0
1
5
a+q=F-H, q, = . f,eF (an F hyperplane).
Jaci
0

We consider Sp(n) to be the group of »n x n matrices with entries in H pre-
serving the inner product on H" given by

(v, w) =) w,
Take k = (k,, u) € K (recall, K is a subgroup of a product group) and X € p;
then, using the identifications above, we have k- X = k Xu. (kX is matrix
multiplication)
We let Z; denote the space of affine F hyperplanes. It is clear that G, acts

transitively on Z;. This makes Z; a homogeneous space. Define the map

d:

(11

0~ Er
by
Ok-(H+q)=k-(H+q,).
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Lemma 6.1. The map ® is well defined.
Proof. If k-(H+q) =k, -(H +q) then km =k and m.-H = H for some
meM' . Since m-q, =q, weget k-(H+4q,)=k -(H +q,). O

Lemma 6.2. The map
®: = /{hyperplanes through 0} — Z;/{F hyperplanes through 0}

is a diffeomorphism.
Proof. Suppose H #0 and H #0. (So, 0 ¢ k-H+q) etc.) If k-(H+q,) =
k,-(H, +q,) then k; 'k -(H +q,) = H, +q,. Thus, k] 'k -q, = q, and
kl_'k H=H, +Y forsome Y €q,. This implies |H,| < |H|. By symmetry,
|H| = |H,|. This implies k; 'k - H = H,. Since H # 0 we have k[ 'k € M’ .
Thus, k; 'k -q = q and, hence, k- (H +q) = k, - (H, +q) . This shows ® is
1njectiv§\./

Let M be the stabilizer of q, in K. To show & is surjective we simply

have to note that M acts transitively on the unit sphere in a+gq,.

To show @ is regular we use the following coordinates. For 0 # H € a take
a small neighborhood U C a. Then K/M x U ((k,H) — k- (H +q) etc.)
provides local coordinates for both spaces. With respect to these coordinates
® is the identity map. Thus, ® is regular. 0O

This lemma shows that for purposes of integration we can use the “coordi-
nates” K/M x a on E;. The measure we will use is c|H|"> dkdH . (Itis G,
invariant.) Here, ¢ is the area of the unit sphere in a +q, .

The next proposition is best developed using group theoretic notation. As
before, let M be the stabilizer of g, in K. Similar to the real case, we have

Go/M~{(X,OIX €&} (eM—(g-0,2-q)).
This gives the double fibration
Go/M
p, N P

Xo g

As in §1, we get X: ppy (X)) and € =p p;'(&).
For u e C(G,/M) we define

R &)= [ fle T, Outs T, ) dY
LH
and

eR0(0) = [ p(Tyk-q,)u(T kWD) k.
K

*

The next lemma describes the duality between R , and R "
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Lemma 6.3. Let dX be the usual measure on p and, as before, let
c|H|™ dH dk = d¢

be the measure on Z;. Then

R €0 = [ £00),R,p(X)dX.
p

F

Proof. The right-hand side is

4
/K/f(k 'X)(p(K . (X+q])u(7k_xkﬂ)dXdk
p

:/K/ /f(k.(H+Y2+Yl))¢(k.(H+Y2+ql))
a+q,

X W(Tyy,y, .y M)dHdY,dY, dk

=C/K/3/ﬁ q]f(k.(rh'H+Y,))w(k-(ﬁ1-H+Cll))

x w(T,,. H+YM)|H|’"3" dmdHdY, dk

=c'/K/0/A~4 qlf(k”h'(H'*'Yl))‘/’(k’M'(H+q]))
x 0Ty y MO\H|™ dindH dY, dk

=c [ [ [ sk Yokt +a )T,y MHI™ dH dY, dk
K JaJq,

- / R [0 dé. O

Since M > M’ we have
1 e C(Gy/M) C C(Gy/M').

(We consider u4 as a function on G, invariant by M N.) Thus, we also have
R acting on functions on Z. The next lemma makes the connection between
transforms From now on we will consider x as a function on G, with certain
invariance properties.

Lemma 6.4. For any ¢ € C(Z,) thereisa ¢ € C(Z;) such that R,p = PR,
If ¢ is smooth then so is ¢ .

Proof. Let ¢(g-q,) = fﬁ p(gm-q)dm . Clearly ¢ is defined on GO/(/\7b<ql) =
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Ep . Also,
(RoP(X) = /K B(T ok - a, (T, k) dk
=//~(/’(Txkﬁ1~q)u(TXk)drhdk
KJIM
= [ [ otk auron™
MJK

- /K(o(TXk-q)u(TXk)dk
= R,0(X).

)din dk

The third equality follows from the M invariance dk and the fourth is from
the M invariance of u.
The second statement in the lemma is clear. O

Remark. Clearly, if suppg N B® = & then supp @ N B =0. Here, the balls
are in ) and Z; respectively. (Recall, the norm of a plane in either space is
defined to be the distance of the plane to the origin.)

The following corollary is the main result in this section, it generalizes Quinto
[10].

Corollary 6.5. Suppose u satisfies

(1) u is smooth. .
(2) u is K invariant (u € C(K\G,/M)).
(3) m(Ty) #0 forall HeEa.

Then (1) if f e Lf(XO) and supp ]FRﬂfC B® then supp f C BR,
(2) pR, is injective on Lf(XO).

Proof. Part (1): The proof proceeds just like that of Theorem 3.2. By Lemma
6.4 and the proof of Theorem 3.2 every function of type (5.2) (h(k - H) =
Ys(k - Hy)hs(H)---) is zR;¢ for some ¢ of type (5.1).

Suppose supp FR#q"; c Bf , h is of type (5.2), and ¢ is chosen as above.
Then,

<f’ h) = (f’ FR;¢) = (][“R#f’ ¢> =0.

The third bracket is the L’ inner product with respect to the measure on =
from Lemma 6.3. It equals zero by the remark following Lemma 6.4.
As in Theorem 3.2, part (2) follows from part (1) by letting R go to zero. O

Remarks. (1) As before, the condition u(7T,) # 0 combined with K invariance
says that u(X, &) # 0 if X is the point of & nearest the origin.

(2) It is interesting to note that Quinto [10] reduces the proof of the sup-
port theorem to a Volterra equation and we reduce it to Abel’s equation. The
difference comes from the way the M invariance is applied.
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7. THE SUPPORT THEOREM FOR DISTRIBUTIONS

In this section we will extend the support theorem to distributions. Most
likely, Quinto’s argument via elliptic operators (Quinto [11]) would carry
through here. However, we will use a different approach via the representa-
tion theory of K on p=X.

For T € & (p) we define R, T(p)= T(R;(o). This is well defined since R;
is continuous on C™(E).

Part (1) of the following theorem appears in [3, Theorem 2.20] in the case
i = 1. The entire theorem is a generalization of a result in [10].

Theorem 7.1. Suppose u satisfies the hypothesis in Theorem 3.2 (see equation
(3.2)). Then

(1) If Te&'(X,) and suppRﬂTCBR then supp T c BX.

(2) The operator R,: &'(p) — &'(Z,) is injective.

Proof. Part (1): The proof of Theorem 3.2(1) shows R; maps functions in
C °°(EO) supported outside the ball of radius R onto a dense subspace of func-
tions in C°°(X0) supported outside the ball of radius R. This proves part
(1).

For part (2), by letting R — 0, it is enough to show that

R, Distributions supported at 0 — & /(EO)

is injective. Let Tf = Df(0) be an arbitrary distribution supported at the
origin. (D is a constant coefficient differential operator on p.) Suppose R, T =
0; then DR;(/)|X=0 = 0 for every ¢ € C°°(EO). Lemma 7.3 shows this is
impossible. This proves Theorem 7.1. O

Before proving Lemma 7.3 we must review some notation and facts con-
cerning polynomials and differential operators on p. Let S(p*) denote the
polynomial algebra of p. Let Q(X) = (X, X). Let J be the subalgebra gener-
ated by Q. J is the algebra of K-invariant polynomials. As before, let Z be
the space of harmonic polynomials. An important result of Rallis (see [9]) says
S(p*")=#®J. Asin §4, # = @ #; and we consider elements in # as either
polynomials on p or functions on K/M . Let S(p) be the symmetric algebra of
p. We will also think of S(p) as the algebra of constant coefficient differential
operators on p. Of course, K acts on S(p) and the Killing form induces a
K-equivariant isomorphism, ¥, between S(p*) and S(p). For each ¢ € I?M
let V; be the representation space with unitary structure (,)s. Fixa K-
equivariant isomorphism j;: V5 — #; . We will drop the subscript ¢ in places
where there is no danger of confusion. For each ¢ fix a unit vector vy € V
which is M invariant and such that j(vy) = ¢5. Thus, j;(v)(k) = (v, k- vy).
Finally, let D; =‘¥(p,;) and L = '¥(Q) = the Laplacian.
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To summarize,
Q(X)=*(X,X), J=*(C[Q], L=Y¥(Q),
Y:Sp)—-Skp); Sp)=FeJ, =%,
Js: Vs — A, v;= M invariant unit vector,
Js(Vs) =0y, "P((/’,s) = Dj.
Lemma 7.2. (1) Suppose P € #Z; and D =¥(P). Then (bar indicates complex
conjugation)
/ P(K) (k™" - D)dk = cD,
K
for some ¢ #0.
(2) Suppose P %,, P'€ %, D="Y(P), and 5 #5'. Then

/P D)dk = 0.

Proof. (1) Choose v € V¥ such that j(v)=P. (So, P(k) = (v, k-v).) Thus,
/P(k k™. D)dk = ‘I-'oj(/ W kv, _‘-vdk>
K
-\POJ( v, k- vdk)
K

. -1
=WYoj(e,(v,v)vy) (¢, =(dimd) ')
= ¢, (v, v)D;.
The third equality is just the Schur orthogonality relations.
Part (2) is also just the orthogonality relations. O

Recall, we can consider S(p) to be the algebra of constant coefficient differ-
ential operators.

Lemma 7.3. Suppose D =Y, . D, L’ , where each Dj; ; € ;. Then there is
a 9 € C*(E)) such that DR ¢(0) 76 0.

Proof. Choose a § such that Dj ;#0 for some j. Let N be the largest j
for which this is true. Take P € #; such that ¥(P) = Dy . Define ¢ by

o(k - (rH, +q)) = P(k)g(rH,) = PR+
We get
DR, p(0) </¢X+k a)p (Tk)dk)

X=0
=D( ol (P (k -X)+q)u(ka_.,X)dk>X=0

= | Pk)(k™" - D)(g(P,(X)u(Ty)) o dk

N —_
= (exDsL™ + ¢y DL ™"+ 4+ D) (8(P(X)M(Ty)) o
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The third equality follows from the K invariance of u and the definition of the
action of K on differential operators. The last equality follows from Lemma
7.2, which guarantees ¢, # 0.

The polynomial (in X) goP (X) is homogeneous of degree d;+2N . Since
Dy is homogeneous of degree d; and L is homogeneous of degree 2 the last
equation above implies DR;(p(O) = cNu(TO)(DJLNg o P )(0).

We know ¢,(H;) = 1 and ¢; is homogeneous of degree d;. Thus, for
Y € q we have ¢ (rHy+Y) =r" + R(rHy+ Y) where R(Y) = 0. This shows
(as an element of S(p)) D; € Hg + S(p)q. Similarly, L € Hé + S(p)g. Thus,
DéLNg oP (rHy+ T) = (ds+ 2N)!. This proves the lemma.

Corollary 7.4. If u satisfies the hypothesis of Corollary 6.5 then
(1) If Te€&'(Z;) and suppR,T C B then supp T C B".
(2) gR,: &'(X)) = &'(Ey) is injective.

Proof. Part (1) follows from Lemma 6.4 and the proof of Theorem 7.1.

As in the proof of Theorem 7.1, part (2) reduces to showing R, is injec-
tive on distributions supported at the origin. This follows from the proof of
Theorem 7.1 using Lemma 6.4. O
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